We investigate the electromechanical coupling in 2d materials. For non-Bravais lattices, we find important corrections to the standard macroscopic strain -microscopic atomic-displacement theory. We put forward a general and systematic approach to calculate strain-displacement relations for several classes of 2d materials. We apply our findings to graphene as a study case, by combining a tight binding and a valence force-field model to calculate electronic and mechanical properties of graphene nanoribbons under strain. The results show good agreement with the predictions of the Dirac equation coupled to continuum mechanics. For this long wave-limit effective theory, we find that the strain-displacement relations lead to a renormalization correction to the strain-induced pseudo-magnetic fields. Implications for nanomechanical properties and electromechanical coupling in 2d materials are discussed.
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I. INTRODUCTION
Linear continuum elasticity provides a valuable basis for the investigation of the mechanical properties of atomic monolayer materials [1, 2] . Elastic theory is also a key element for understanding the relation between the material deformations and the corresponding modifications of its electronic structure [2] [3] [4] . Roughly speaking, strain changes the interatomic distances, thereby modulating the overlap of electronic orbitals of neighboring atoms and modifying the electronic properties of the material. To model and engineer this electromechanical coupling it is necessary to correctly relate experimentally controllable macroscopic deformations, parametrized by the strain tensor u, to microscopic atomic displacements.
We find that for materials with a crystal structure with a basis there is an important correction to the standard strain-displacement relations. We show that by applying strain to a 2d monolayer material, the nearest-neighbor vectors connecting the atoms transform as r ij → (I 3 + u) · r ij + ∆, where I n is the n × n identity matrix and ∆ is a vector that depends on the material deformation energy.
In this Letter we provide a transparent and systematic approach to calculate the strain-deformation relations for any kind of 2d material, provided that the deformation energy can be parametrized in terms of the bond vectors. We show the significance of our findings by contrasting the elastic bulk properties of graphene and black phosphorous calculated with and without the proposed corrections.
We study the effect of the strain-displacement corrections on electronic degrees of freedom in two applications. In the first one we incorporate the modified straindisplacement relations in the extensively used k · p theory for graphene, where strain can be represented by an effective gauge field [5] [6] [7] . We show that a correct assessment of ∆ renormalizes the strength of the gauge * croy@pks.mpg.de vector-potential by a factor 3/5, which means a factor (3/5) 2 for scattering rates relevant to transport properties [8, 9] . A similar correction has previously been identified in the study of the elastic properties of carbon nanotubes, where the strain-deformation relations were inferred from the analysis of the acoustic phonon modes [5, 10] . In the second application we study the effect of our findings on the gap engineering of graphene nanoribbons using strain.
In summary, our study shows that quantitative estimates of the electromechanical coupling in 2d materials -as is often required in strain-engineering applicationsrequires careful consideration of the lattice deformation on a microscopic level.
II. RESULTS
The atomic lattices of 2d materials are characterized by primitive unit cells (PUCs) with a set of basis atoms and two primitive lattice vectors a 1 and a 2 . In a homogeneously strained sample it is sufficient to consider the deformation of a single unit cell under an applied strain. The deformed primitive lattice vectors read
where u is the strain tensor and i = 1, 2. This equation also holds for nonuniform strain, for which u = u(r) varies on length scales much longer than the lattice parameter. In general, the lattice vectors can be expressed by a linear combination of the bond vectors r jk ,
where {r c } is the set of bond vectors contained within each unit cell and C ijk is a tensor encoding the lattice connectivity. We address the case where the strain field deforms the lattice, but preserves its connectivity. We show that for materials with a non-Bravais lattice structure, the modifications of the bond vectors due to strain arXiv:1509.02365v1 [cond-mat.mes-hall] 8 Sep 2015
do not follow Eq. (1). Let us start from the most general relation
where the vectors ∆ ij contain the differences between the strain displacement relations for a i and r ij . The number of independent vectors ∆ ij is determined by the number of basis atoms and r jk ∈{r}c C ijk ∆ jk = 0. For a Bravais lattice ∆ ij = 0. Each additional atom introduces three degrees of freedom, that can be expressed by an in-plane vector ∆ and an out-of-plane component ∆ ⊥ẑ . The number of independent displacement vectors obtained in this way can, in general, be reduced by enforcing the lattice symmetry and connectivity. To be specific, we consider the most important 2d materials [11] under current investigation, divided in three groups, shown in 
The vectors ∆ i, now satisfy 0 = ∆ 2, −∆ 1, and 0 = ∆ 3, −∆ 1, . Consequently ∆ i, ≡ ∆ . By inversion symmetry, vectors connecting to the upper layer and the lower layer transform in the same way, but with opposite signs in the out-ofplane direction. Hence, the strain-displacement response of TMDCs is also characterized by a single in-plane vector ∆ and the change in inter-chalcogen distance ∆ ⊥ .
The third class consists of a single material, phosphorene, an atomically thin puckered material derived from layered black phosphorus. Its PUC contains four atoms and six unique bond vectors, see Fig. S1 (c). Four bond vectors are situated in the puckers and are denoted by r i,u/d with i = 1, 2 and subscripts u/d. The two remaining vectors connect the upper and lower puckers, and are labeled r cc and r cc . We find that a 1 = −r cc + r 1,u + r cc + r 2,d , and a 2 = −r 2,u + r 1,u . Alternatively, we also write a 1 = −r cc + r 2,u + r cc + r 1,d and a 2 = −r 2,d + r 1,d . Hence, we obtain the constraints 0 = −∆ cc + ∆ 1,u + ∆ cc + ∆ 2,d , 0 = −r 2,u + r 1,u . This leads to four equations for the vectors ∆ i . Using inversion symmetry and the same arguments as for the TMDCs, the strain displacement relation in phosphorene is also characterized by a single in-plane vector ∆ and a change in vertical inter-pucker distance ∆ ⊥ .
We conclude that upon application of strain to all these 2d materials, due to lattice connectivity and symmetry constrains, the strain-displacement correction is simply
independent of i and j. Both ∆ and ∆ ⊥ depend on the applied strain and on the interatomic interactions. Their calculation requires a microscopic model to account for the deformation energy. For uniform strain, one can determine the strain-displacement correction using the geometric considerations of the previous paragraph and, for instance, first principles calculations. For non-uniform strain and/or finite lattices, this procedure becomes computationally prohibitive, and one has to resort to semiempirical force-field models.
In the following, we put forward a systematic and transparent approach to calculate ∆ and ∆ ⊥ for any 2d material whose deformation energy is described by a force-field model parameterized by the bond vectors. Valence force models (VFMs) are a convenient choice since they offer good accuracy at low computational costs. There are various VFMs for the different 2d materials [12] [13] [14] [15] [16] . Let us focus on graphene-like materials, which can be accurately addressed using the VFM introduced by Perebeinos and Tersoff [14] to describe the interactions between sp 2 -bonded carbon atoms. The deformation energy is given by [14] 
where r ij = |r ij | is the bond length, δr ij = r ij − a 0 is the change in bond length and δc i,jk is defined as δc i,jk = cos θ i,jk − cos θ i,jk . Here θ i,jk is the angle between atoms i, j and k with atom i as apex in equilibrium, while θ i,jk is the angle in the deformed lattice. The summations in Eq. (5) follow the convention: (a) j ∈ i indicates that the index j runs over the three neighbors of atom i; (b) for j < k ∈ i both j and k are neighbors of the atom i, and are ordered to avoid double counting,
Lattice structures of the three classes of 2d materials considered. a) The unit cell of graphene-like materials are defined by two lattice vectors a1 and a2 and three nearest neighbor vectors r1, r2 and r3. The material can in general be corrugated, signified by h in the lower figure. Graphene is contained as the case h = 0. b) The unit cell of TMDCs consist of two lattice vectors and three basis atoms, which define six nearest neighbor vectors. Due to the layered structure of the material, it has an effective thickness h. c) The phosphorene lattice is characterized by two lattice vectors and four basis atoms, defining ten nearest neighbor vectors. Its puckered structure gives rise to the effective thickness h.
leaving three possible terms; (c) j = k < l ∈ i leaves three terms for each i. The first and second terms in Eq. (5) give the energy cost of stretching and bending bonds as in a Keating model [17] . The third and the fourth terms couple stretching of different bonds and couple stretching and bending, respectively. The last term is related to out-of-plane displacements. In Ref. 14, there is an additional term which penalizes misalignments of neighboring π-orbitals that we neglect here. For a given strain, we minimize E def with respect to ∆ and ∆ ⊥ẑ to obtain
where κ(h) and κ ⊥ (h) are functions of the unit cell corrugation height h and characterize the changes in the PUC internal structure, in addition to the trivial shift of atomic positions when the PUC is strained. To lowest order in h/a 0 ,
Upon elimination of ∆ and ∆ ⊥ , the microscopic deformation energy per unit area, E = E def /A, becomes the standard expression for the continuum elastic energydensity of an isotropic membrane [4] ,
reconciling our results with previous works on the longwavelength elastic behavior of graphene [1, 19, 20] . Here, λ and µ are the Lamé parameters of the material, and Y 2d and ν are the 2d Young modulus and Poisson ratio, respectively. They are related via
We find that the Lamé parameters, given in terms of the microscopic parameters of Eq. (5), are The approximation κ ≈ 2ν/(1 + ν) is expected to hold also for TMDCs, due to the hexagonal structure of the lattice when projected onto the monolayer plane. For example, using ν MoS2 = 0.27 [21] , we obtain κ MoS2 ≈ 0.43, which is slightly larger than the estimate for graphene. For phosphorene, the strain-displacement relation no longer obeys the simple form of Eq. (6), since ∆ shows a directionality reflecting the material anisotropy. Nonetheless, we can still use our theory to estimate the elastic properties of phosphorene (see Supplementary Material). Using a VFM developed for layered black phosphorus [2] , we obtain sound velocities [26] .
We illustrate our results by studying armchair graphene nanoribbons (AGNRs) stretched along the longitudinal direction. See Fig. 2 for a sketch of the setup. The equilibrium configuration is obtained by minimizing E def , Eq. (5). The mechanical energy density as a function of the applied strain u xx is shown in Fig.  3(a) . Numerical results are denoted by symbols, whereas full and dashed lines correspond to analytical results obtained from Eq. (8) for κ = 0.39 and κ = 0. By setting κ = 0, one obtains a slightly larger value of Y 2d such that the stretching energy is overestimated. We also calculate the resulting strain u yy in the transversal direction. As the ribbon contracts upon stretching, u yy is negative for u xx > 0 and decreases with increasing strain. This is shown in Fig. 3(b) . The slope of the curve at u xx = 0 gives the Poisson ratio, which agrees very well with the estimate obtained from Eq. (9) . The standard approach, for which κ = 0, gives ν(κ = 0) ≈ 0.16, thus underestimating the Poisson ratio. The strain-displacement relations presented above significantly modify the electronic properties of deformed 2d materials, which are crucial for strain-engineering [3, 4, 27] . Essentially, mechanical deformations have two effects on the electrons. Firstly, the change in electronion potential in the neighborhood of an atom generates an on-site potential often referred to as the deformation potential. Secondly, changes in the distances between neighboring atoms modify the overlaps of the corresponding orbital wave-functions and thus the electronic structure.
These effects are accounted for in the nearest-neighbor hopping Hamiltonian which provides an accurate description of the low-energy π-bands in graphene [2, 5, 7] , namely,
Here β/a 0 = −t 0 (a 0 )/t 0 (a 0 ), g/a 0 = v 0 (a 0 ), where t 0 (r) is the (distance dependent) hopping amplitude and v 0 (r) is the electron-ion potential. In the following we omit the overall on-site energy 3v 0 (a 0 ). To obtain analytical insight, it is customary [2, [7] [8] [9] ] to consider the low-energy limit of the tight-binding model above. By expressing Eq. (11) in reciprocal space and taking its long wavelength limit, that is, by expanding H to linear order in momentum around the K and Kpoints [2, 7] , one obtains an effective Dirac Hamiltonian. For K we write
where v F = 3a 0 t 0 /2 ≈ 10 5 m/s, σ are Pauli matrices, p is the momentum, A is the vector potential, and v D is the scalar deformation potential. The latter are given by
Hence, we find that the strain-displacement relations renormalize A by a factor 1 − κ with respect to the standard elasticity-induced gauge theory [7, 8, [28] [29] [30] [31] . For graphene, the material parameters [14] give 1 − κ ≈ 3/5. (Using the approximation κ ≈ 2ν/(1 + ν) we obtain 1 − κ ≈ (1 − ν)/(1 + ν) = 2/3.) Based on a VFM that drastically overestimates the Poisson ratio, previous works [5, 10] report a reduction factor of about 1/3. Note that in the derivation above, we ignore the straindependent renormalization of the Fermi velocity reported previously [31] , since it has a negligible effect on our results.
The reduced vector potential has an important effect on strain engineering applications [28, 30] . Let us analyze, for instance, the first (sub)band-gap of AGNRs [27] . In the long wavelength limit, the magnitude of this band gap is given by
with φ = 0 for metallic and φ = 1/3 for semiconducting AGNRs and where N 2 is the number of unit cells in the transversal direction and n is the band index. The magnitude of the band-gap as a function of strain is piecewise linear and shows a characteristic zig-zag shape. We predict that the slope of the linear regions is decreased by a factor (1 − κ)(≈ 3/5 for graphene) due to the straindisplacement relations, while the positions of the maxima and minima of the band gap are shifted by a factor 1/(1 − κ)(≈ 5/3 for graphene). We verify this prediction numerically. First, we obtain the relaxed lattice structure of a stretched AGNR as described previously. Subsequently, we diagonalize the Hamiltonian (11) using t 0 = 2.8 eV, g = 4 eV, β = 3.37 [2, 3] , and the relaxed lattice structure as an input. From the eigenvalues we directly calculate the band-gap E g shown in Fig. 4 . For comparison we also show E g for κ = 0. For the considered range of applied strain we find a good agreement between the numerical results and Eq. (14) . We observed that the strain required to achieve a certain gap size increases for κ > 0.
A similar renormalization is also found for phosphorene. Based on the two orbital tight-binding model put forward in Ref. 7 and the strain-displacement relations derived in the supplementary material we find an anisotropic renormalization of the strain-induced bandgap. It is reduced by factors 2.5 and 1.35 when straining in x and y direction, respectively.
III. CONCLUSIONS
Two-dimensional materials have gained considerable interest, in particular due to the enticing prospect of engineering their electronic properties using strain. Our results show that the relationship between strain and electronic properties is less trivial than often assumed. For Bravais lattices, the relation between strain and displacements is simple, namely the bond vectors transform as r ij → (I 3 + u) · r ij . For non-Bravais lattices, the basis atoms introduce additional degrees of freedom, significantly modifying the relation between strain and displacement. With few exceptions [5, 10] , this fact is typically neglected in the literature on electronic properties of deformed 2d materials [3, 4, 6, 7, [28] [29] [30] . We show that under an applied strain the bond vectors of 2d materials generally transform as r ij → (I 3 + u) · r ij + ∆ + ∆ ⊥ẑ . The vectors ∆ and ∆ ⊥ẑ are determined by minimizing the deformation energy. For graphene, the straindisplacement effect on the electronic properties is to renormalize the vector potential by a factor (1−κ) ≈ 3/5 while keeping its functional form. We provide a simple estimate of this correction based on the macroscopically observable Poisson ratio ν, as (1 − κ) ≈ (1 − ν)/(1 + ν). The (1 − κ) renormalization alters the dependence of the band gap in AGNRs on strain: it increases the strain required to reach a certain band gap. Having a well controlled band gap is of key importance in a variety of applications [3, 4, [33] [34] [35] .
For 2d materials with a more complex crystal structure than graphene, such as the TMDCs and phosphorene, the strain-displacement relations we put forward are key to understand their fundamental material properties. For phosphorene, we show (see Supplementary Material) that its anisotropic mechanical properties [3, 36] can only be obtained by considering proper strain-displacement relations. Furthermore, phosphorene is considered to be very interesting from a strain-engineering perspective as it displays a strain dependent band-gap [37] [38] [39] . Our straindisplacement relations lead to an anisotropic renormalization of this gap. This Letter provides a transparent approach to estimate the electromechanical coupling in 2d materials, given that the mechanical and electrical properties are reliably parameterized. where
2 is the relative bond-length change and
2 is the bond angle change due to the deformation up to first order in strain and ∆. There are nine force-field parameters, namely, K r , K r , K Θ , K Θ , K rr , K rΘ , K rΘ and K rΘ . Those determine the energy cost for bond stretching, angle bending, bond-bond and bond-angle correlations. The expressions for the bond vectors, Eqs. (S1) and (S2), render the energy E cell , Eq. (S3), to be a quadratic function in the components of the strain tensor and the components of ∆. By minimizing E cell with respect to ∆ ,x , ∆ ,y and ∆ ⊥ and dividing by the area of the unit cell, A cell , we obtain the deformation energy-density E cell = E cell /A cell . For the VFM parameters reported in Ref. S2 we find ∆ ,x = 0.61d u xx + 0.37d u yy , ∆ ,y = 1.02d u xy , ∆ ⊥ = −0.36d u xx − 0.20d u yy .
These expressions, together with Eqs. (S2), constitute the strain-displacement relations for phosphorene.
A. Elasticity constants
Having the deformation energy-density E cell one can calculate the elastic constants C ij , which are given by[S3]
where i, j = 1, 2, 6 and u 1 = u xx , u 2 = u xx and u 6 = u xy . From those one derives Young's and shear moduli, Y x/y and G xy , and the Poisson ratios ν xy/yx , Y x = C 11 C 22 − C 
Moreover, the sound velocities are given by [S4] v xx = C 11 ρ P , v xx = C 22 ρ P , v xy = C 66 ρ P ,
where ρ P is the 2d mass density of phosphorene. The results we calculate for all those elastic properties are summarized in Tab. S1. We also provide results for the case where the correction ∆ is not taken into account. Comparing the sound velocities to the values given in Ref. Qualitatively, the VFM reported in Ref. S2 gives very good results. However, it should also be mentioned that it has some deficits. For example, the Poisson ratios are obtained as ν yx = 0.27 and ν xy = 0.05, whereas other studies report 0.81/0.24 [S5] or 0.62/0.17 [S3] . However, it should be kept in mind that the parameters of the VFM were found by fitting to optical Γ-phonons measured in an experiment. To get a better quantitative description more data is required and the Poisson ratios need to be included in the fitting procedure.
